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We extend previous calculations of leading-order correlation functions of spin-0 and spin-1 light
quarkonium hybrids to include QCD condensates of dimensions five and six, with a view to improving
the stability of QCD sum-rules analyses in previously unstable channels. Based on these calculations,
prior analyses in the literature, and its experimental importance, we identify the exotic JPC = 0+−
channel as the most promising for detailed study. Using Gaussian sum-rules constrained by the
Ho¨lder inequality, we calculate masses of light (nonstrange and strange) quarkonium hybrid mesons
with JPC = 0+−. A model-independent analysis of the hadronic spectral function indicates that
there is distributed resonance strength in this channel. Hence, we study two hadronic models with
distributed resonance strength: a single wide resonance model and a double narrow resonance model.
The single wide resonance model is disfavoured as it leads to an anomalously large resonance width
(greater than 1 GeV). The double narrow resonance model yields excellent agreement between QCD
and phenomenology: in both nonstrange and strange cases, we find hybrid masses of 2.60 GeV and
3.57 GeV.
I. INTRODUCTION
It has long been conjectured that hadrons could
exist beyond the conventional quark model of
quark-antiquark (qq¯) mesons and three-quark
(qqq, q¯q¯q¯) baryons. In particular, colour-singlet
hybrid mesons consisting of a quark, antiquark,
and explicit gluonic degree of freedom have a
long history [1]. While evidence of hadronic
structures outside of the conventional model has
been accumulating with experimental observa-
tions and confirmations of tetraquarks [2–4] and
pentaquarks [5], an experimental confirmation of
hybrid mesons has eluded observation. Designed
to search for light hybrid mesons (particularly
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those with exotic JPC that do not exist in the
conventional quark model), the GlueX experi-
ment at Jefferson Lab [6] is currently underway,
and is anticipated to give crucial insight into the
existence and structure of light hybrids.
The characterization of light hybrid states
within the framework of QCD is important. Iden-
tifying the spectrum of the lightest hybrid su-
permultiplet (JPC ∈ {1−−, (0, 1, 2)−+}, where
the qq¯ are in an S-wave configuration) and
the neighbouring larger supermultiplet (JPC ∈
{0+−, 1+−, 2+−, 3+−, (0, 1, 2)++}, where the qq¯
are in a P -wave configuration) is of particular
interest from an experimental perspective, and
is aligned with the mandate of the GlueX ex-
periment [6]. There have been numerous stud-
ies done on light quark hybrids covering a range
of quantum numbers using QCD Laplace sum-
rules (LSRs) [7–23], lattice QCD [24, 25], the
Schwinger-Dyson formalism [26–28], the flux tube
model [29, 30], and the MIT bag model [31, 32].
In particular, Reference [11] contains a compre-
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2hensive LSRs analysis of light hybrids for all JPC
with J ∈ {0, 1} that takes into account conden-
sates up to dimension four (i.e., 4d). Analyses of
the 0++, 0−−, 1++, and 1−− sectors were stable;
analyses of the 0+−, 0−+, 1+−, and 1−+ sectors
were unstable. Expected to be the lightest hy-
brid with exotic quantum numbers, the 1−+ has
been the subject of much additional study. Refer-
ence [15] contains a (error-free) 1−+ hybrid corre-
lator that includes condensates up to 6d. By ana-
lyzing lower-weight LSRs than those used in [11],
the authors arrived at a stable mass prediction.
Subsequently, a variety of improvements (e.g., ra-
diative corrections and higher dimension conden-
sates) were included in the 1−+ hybrid correla-
tor, and the LSRs analyses were updated accord-
ingly [17–22]. In the LSRs analysis of [16], a sta-
ble mass prediction for the 0−+ was found using a
current different from that of [11]. The only sta-
ble LSRs analysis of the 0+− channel [13] used
higher-dimension currents and required estima-
tion of the low-energy theorem term from other
channels, introducing multiple sources of theoret-
ical uncertainty. Thus, further QCD sum-rules
studies of the 0+− channel are necessary.
In [33–36], it was found that the inclusion
of higher-dimension condensates stabilized previ-
ously unstable LSRs analyses from [11] of hybrids
containing heavy quarks. Therefore, in Section II
we provide a systematic computation of leading-
order (LO) 5d and 6d condensate contributions
for all light quarkonium hybrids of spin-zero and
spin-one. Unfortunately, as discussed in Section
III, these higher-dimension condensates do not
stabilize the unstable light hybrid LSRs analyses
as they do for heavy hybrids. However, in [11],
it was proposed that the instability in the LSRs
might be resolved by accounting for finite width
effects, an issue also raised in [13]. As we show
in Section V, a model-independent analysis of
the 0+− hadronic spectral function indicates that
there is distributed (as opposed to concentrated)
resonance strength in this channel. To explore
width effects and the possibility of excited states,
we depart from previous LSRs methods. Gaus-
sian sum-rules (GSRs) [37] are sensitive probes of
width effects and both ground and excited states,
and have been shown to be a powerful and ver-
satile analysis methodology [38–41]. In particu-
lar, the QCD sum-rules paradigm of the ρ meson
was used to benchmark and validate these GSR
methodologies [38]. Thus, in this article, we use
GSRs to investigate the possibility of distributed
resonance strength in the exotic 0+− light hybrid
channel.
In Section II, we calculate LO spin-0 and spin-1
correlation functions of light quarkonium hybrid
currents, including condensates up to 6d. Sec-
tion III includes a review of the GSRs formal-
ism, and a theoretical constraint on the GSRs
based on the Ho¨lder inequality is developed in
Section IV. The GSRs analysis methodology and
results for the 0+− channel are presented in Sec-
tion V with concluding remarks in Section VI.
II. HYBRID CURRENTS AND
CORRELATION FUNCTIONS
To investigate light quarkonium hybrids, we
use currents of the form
jµ = gsq¯Γ
νtaGaµνq, (1)
where q is a light (nonstrange or strange) quark
field and ta are generators of the fundamen-
tal representation of SU(3). Each combination
of Gaµν ∈
{
Gaµν , G˜
a
µν =
1
2
µνρσGaρσ
}
and Dirac
structure Γν together corresponds to particular
values of JPC [11, 15]; these combinations are
summarized in Table I.
TABLE I: The JPC combinations probed through
different choices of Γν and Gaµν in (1).
Γν Gaµν JPC
γν Gaµν 0
++, 1−+
γν G˜aµν 0
−+, 1++
γνγ5 G
a
µν 0
−−, 1+−
γνγ5 G˜
a
µν 0
+−, 1−−
For each current (1), we calculate and decom-
pose a diagonal correlation function as follows:
Πµν(q) = i
∫
d4x eiq·x 〈0|τjµ(x)j†ν(0)|0〉 (2)
=
qµqν
q2
Π(0)(q2) +
(
qµqν
q2
− gµν
)
Π(1)(q2)
(3)
where Π(0) probes spin-0 states and Π(1) probes
spin-1 states.
The calculation of (2) is performed in the
framework of the operator product expansion
3(OPE),
〈Ω|τ {O(x)O(0)}|Ω〉 =
∑
n
Cn(x)〈Ω| :On(0) : |Ω〉.
(4)
In (4), the vacuum expectation value (VEV) of a
time-ordered, non-local product of composite op-
erators is expanded in a series, each term of which
is a product of a perturbative Wilson coefficient
Cn(x) and a nonzero VEV of a local composite
operator On(0), i.e., a condensate. The conden-
sates parameterize the nonperturbative nature of
the QCD vacuum, and we include in our correla-
tor calculations the following set:
〈qq〉 = 〈qαi qαi 〉 (5)
〈αG2〉 = 〈αsGaµνGaµν〉 (6)
〈gqσGq〉 = 〈gsqαi σµνij λaαβGaµνqβj 〉 (7)
〈g3G3〉 = 〈g3sfabcGaµνGbνρGcρµ〉 (8)
〈qqqq〉 = 〈qαi qαi qβj qβj 〉, (9)
respectively the 3d quark condensate, the
4d gluon condensate, the 5d mixed condensate,
the 6d gluon condensate, and the 6d quark con-
densate. In (5)–(9), superscripts on quark fields
are colour indices whereas subscripts are Dirac
indices and σµν = i2 [γ
µ, γν ]. Regarding Wil-
son coefficients, we consider LO calculations in
αs, and we compute O
(
m2
)
light quark mass
corrections to perturbation theory as a way to
distinguish between the nonstrange- and strange-
flavored cases, similar to [42]. Also, the values
of (5), (7), and (9) depend on whether the light
quarks are nonstrange or strange. The diagrams
representative of the correlation function calcu-
lation are displayed in Figure 1. We use dimen-
sional regularization in D = 4 + 2 dimensions
at MS renormalization scale µ. The program
TARCER [44] is utilized to reduce the result-
ing integrals to a selection of well-known mas-
ter integrals using the Tarasov recurrence rela-
tions [45, 46].
All of the correlators defined between (1) and
Table I can be written in general as
Π
(
q2
)
=αs
(
A1q
6 +A2m
2q4
){
log
(−q2
µ2
)
+
1
2
}
+
(
A4q
2〈αG2〉+ αs(A3q2m〈qq〉+A5〈qq〉2 +A6〈g3G3〉+A7m〈gqσGq〉)
)
×
{
log
(−q2
µ2
)
+
1

}
+ αs
(
B1q
6 +B2m
2q4 +B3q
2m〈qq〉+B4q2〈αG2〉
+ B5〈qq〉2 +B6〈g3G3〉+B7m〈gqσGq〉
)
(10)
where we have suppressed the superscript (J) on
the left-hand side. The coefficients Ai and Bj
contained in (10) are given in Tables II and III
respectively. We note that, as Diagram IV has no
loops, A5 is trivially zero. In all channels, pertur-
bation theory, the 3d quark condensate term, and
the 4d gluon condensate term were benchmarked
against [11]. The 0−− and 1−+ correlators were
benchmarked against [15].
4(a) Diagram I (LO perturbation
theory)
(b) Diagram II
(dimension-three)
(c) Diagram III (dimension-four)
(d) Diagram IV (dimension-six) (e) Diagram V (dimension-six) (f) Diagram VI (dimension-six)
(g) Diagram VII
(dimension-five)
(h) Diagram VIII
(dimension-five)
(i) Diagram IX (dimension-five)
(j) Diagram X (dimension-five) (k) Diagram XI (dimension-five) (l) Diagram XII (dimension-five)
(m) Diagram XIII (dimension-five) (n) Diagram XIV (dimension-five)
FIG. 1: The Feynman diagrams calculated for the correlator (2). Feynman diagrams were created using
JaxoDraw [43].
TABLE II: Coefficients of the logarithmic and divergent terms of the perturbative and condensate
contributions to the correlation function (10) for the JPC summarized in Table I.
0++ 1−+ 0−− 1+− 0−+ 1++ 0+− 1−−
A1 − 1480pi3 − 1240pi3 − 1480pi3 − 1240pi3 − 1480pi3 − 1240pi3 − 1480pi3 − 1240pi3
A2 0
1
12pi3
1
16pi3
5
48pi3
0 1
12pi3
1
16pi3
5
48pi3
A3
1
3pi
− 2
9pi
− 1
3pi
− 4
9pi
1
3pi
− 2
9pi
− 1
3pi
− 4
9pi
A4
1
24pi
− 1
36pi
1
24pi
− 1
36pi
− 1
24pi
1
36pi
− 1
24pi
1
36pi
A5 0 0 0 0 0 0 0 0
A6 0 0 0 0 0 0 0 0
A7
1
9pi
0 11
72pi
− 19
72pi
− 1
9pi
0 − 11
72pi
19
72pi
5TABLE III: Coefficients of the finite terms of the perturbative and condensate contributions to the
correlation function (10) for the JPC summarized in Table I.
0++ 1−+ 0−− 1+− 0−+ 1++ 0+− 1−−
B1
97
19200pi3
39
3200pi3
97
19200pi3
39
3200pi3
19
6400pi3
77
9600pi3
19
6400pi3
77
9600pi3
B2
1
32pi3
− 7
32pi3
− 55
384pi3
− 109
384pi3
1
32pi3
− 13
96pi3
− 31
384pi3
− 23
128pi3
B3 − 12pi 727pi 16pi 1727pi 16pi − 527pi − 12pi − 727pi
B4 − 13144pi 11216pi − 13144pi 11216pi − 5144pi 7216pi − 5144pi 7216pi
B5 − 4pi3 4pi9 4pi3 − 4pi9 0 − 8pi9 0 − 8pi9
B6 − 1192pi2 1192pi2 − 1192pi2 1192pi2 5192pi2 − 5192pi2 5192pi2 − 5192pi2
B7 − 4611728pi − 831728pi − 7311728pi 10191728pi − 2171728pi 2651728pi 411728pi 711728pi
III. QCD SUM-RULES
Each function Π(J)(q2) defined in (3) satisfies a
dispersion relation at Euclidean momentum Q2 =
−q2 > 0,
Π
(
Q2
)
= Q8
∫ ∞
t0
1
pi ImΠ(t)
t4 (t+Q2)
dt+ · · · , (11)
where we have again suppressed the superscript
(J). In (11), t0 is a hadron production thresh-
old and · · · are subtraction constants, together a
third degree polynomial in Q2. Equation (11)
connects theoretical predictions of QCD, i.e.,
Π(Q2) on the left-hand side, to properties of
hadrons contained in ImΠ(t), the hadronic spec-
tral function, on the right-hand side.
Regarding (11), to eliminate subtraction con-
stants and to accentuate the low-energy region of
the integral on the right-hand side, some transfor-
mation is typically applied. A popular choice is
to formulate unsubtracted LSRs of (usually non-
negative) integer weight k,
Rk(MB) = M2B lim
N,Q2→∞
M2B=Q
2/N
(−Q2)N
Γ(N)
(
d
dQ2
)N{
(−Q2)kΠ(Q2)
}
, (12)
at Borel parameter MB [47–50]. Details on how
to evaluate (12) for a correlator such as (10), de-
noted ΠQCD from here on to emphasize that it is
a quantity calculated using QCD, can be found
in the literature (e.g., [47]). The result is
Rk(MB) =
∫ ∞
0
tke−t/M
2
B
1
pi
ImΠQCD(t) dt (13)
for k ∈ {0, 1, 2, . . .} and where
1
pi
ImΠQCD(t) = −A1αst3 −A2αsm2t2
−A3αst〈mqq〉 −A4t〈αG2〉
−A7αsm〈gqσGq〉.
(14)
Recall, the Ai are given in Table II.
In (11), we impose on ImΠ(t) a general
resonances-plus-continuum model with onset of
the QCD continuum at threshold s0,
ImΠ(t) = ρhad(t) + θ (t− s0) ImΠQCD(t), (15)
where ρhad(t) represents the resonance content
of the hadronic spectral function and θ(t) is the
Heaviside step function. To isolate the reso-
nance contributions to the LSRs, we consider
(continuum-) subtracted LSRs
Rk(MB , s0) = Rk(MB)−
∫ ∞
s0
tke−t/M
2
B
1
pi
ImΠQCD(t) dt.
(16)
Then, Equations (11)–(13), (15), and (16) to-
gether imply that
Rk(MB , s0) =
∫ ∞
t0
tke−t/M
2
B
1
pi
ρhad(t) dt (17)
6where
Rk(MB , s0) =
∫ s0
0
tke−t/M
2
B
1
pi
ImΠQCD(t) dt
(18)
and (again) ImΠQCD(t) is given in (14).
There are a number of interesting observations
we can make concerning the LSRs of light quarko-
nium hybrids. In particular, the 6d gluon con-
densate terms do not contain a logarithm, i.e.,
A6 = 0 for all J
PC values considered (see Ta-
ble II), and hence do not contribute to the imagi-
nary part (14). This result is surprising: both Di-
agrams V and VI (see Figure 1) have logarithmic
contributions, but they cancel when the two dia-
grams are added together. Thus, the LO 6d gluon
condensate terms cannot stabilize light quarko-
nium hybrid LSRs analyses as they have done in
some heavy quarkonium hybrid analyses [33–36].
Another observation relates to the mixed con-
densate contributions. Using (12), if we try to
formulate k = −1 (i.e., lower-weight) unsub-
tracted LSRs, we get a piece that formally looks
like the right-hand side of (13) at k = −1 and
another piece:
−B5〈qq〉2−B6〈g3G3〉 −
(
A7

+B7
)
m〈gqσGq〉.
(19)
If A7 6= 0, then neither piece is well-defined:
the integral from (13) diverges and (19) contains
a −1 field theory divergence. But for JPC ∈
{1−+, 1++}, we find that A7 = 0 which allows
for the construction of lower-weight LSRs in these
two channels. Unlike the k = 0 LSRs, the k = −1
LSRs do receive contributions from the 6d quark
and gluon condensates as both B5 and B6 are
nonzero. An analysis of these k = −1 LSRs does
require some knowledge of the subtraction con-
stants in (11).
As noted in Section I, in the multi-channel
LSRs analysis of [11], the 0+−, 0−+, 1+−, and
1−+ sectors were unstable. The 1−+ has since
been stabilized using lower-weight LSRs [15], and
the 0−+ has been stabilized [16] using a differ-
ent current than that used in [11]. That leaves
the non-exotic 1+− and the exotic 0+− channels.
Given the GlueX emphasis on exotics and the
possible complicated features of mixing between
hybrids and conventional quark mesons in the
1+− channel, we focus our attention on 0+− light
quarkonium hybrids. Attempts to stabilize the
0+− channel have involved higher-dimension cur-
rents combined with lower-weight sum-rules re-
quiring estimation of the dispersion-relation low-
energy constant within the analysis [13]. Be-
cause higher-dimension currents tend to enhance
the continuum, the mass determination combined
with an estimated low-energy term merits further
study.
As in [11], we perform a conventional single
narrow resonance (SNR) LSRs analysis of the
0+− channel by letting
ρhad(t) = pif2δ(t−m2H) (20)
in (17) where f is the resonance coupling and
mH is its mass. We include our higher-dimension
condensate contributions as well as updated QCD
parameter values, yet the analysis remains unsta-
ble. The 5d mixed condensate term in the LSRs
is small, and, as noted above, the 6d condensates
do not contribute at all. In [11], it was suggested
that the instability in this channel could be re-
lated to a distribution of resonance strength. To
investigate this possibility, we use GSRs, an al-
ternative to LSRs which provide a fundamentally
different weighting of the hadronic spectral func-
tion that makes them well-suited to analyzing dis-
tributed resonance strength hadron models. Un-
subtracted GSRs of integer weight k are defined
as [37]
Gk(sˆ, τ) =
√
τ
pi
lim
N,∆2→∞
τ=∆2/(4N)
(−∆2)N
Γ(N)
×
(
d
d∆2
)N {
(sˆ+ i∆)kΠ(−sˆ− i∆)− (sˆ− i∆)kΠ(−sˆ+ i∆)
i∆
}
. (21)
Details on how to evaluate (21) for a correlator such as (10) can be found in [37–39]. The result
7is
Gk(sˆ, τ) =
1√
4piτ
∫ ∞
0
tke−
(sˆ−t)2
4τ
1
pi
ImΠQCD(t) dt
(22)
for k ∈ {0, 1, 2, . . .} and where 1pi ImΠQCD(t) is
given in (14). Subtracted GSRs are defined in
much the same way as subtracted LSRs leading
to the following GSRs analogues of (17) and (18):
Gk(sˆ, τ, s0) =
1√
4piτ
∫ ∞
t0
tke−
(sˆ−t)2
4τ
1
pi
ρhad(t) dt
(23)
where
Gk(sˆ, τ, s0) =
1√
4piτ
∫ ∞
0
tke−
(sˆ−t)2
4τ
× 1
pi
ImΠQCD(t) dt.
(24)
The difference between (17)–(18) and (23)–(24)
is in the kernel of the integrals: a decaying ex-
ponential for LSRs and a Gaussian for GSRs.
The two sum-rules represent fundamentally dif-
ferent weightings of the spectral function ρhad(t);
whereas in the LSRs have a duality interval of
width ∼ 1/M2B near the low-energy threshold of
the spectral function, the GSRs have a duality in-
terval of width ∼ √2τ near sˆ (23). In the τ → 0+
limit, we have
lim
τ→0+
1√
4piτ
e−
(sˆ−t)2
4τ = δ (sˆ− t) , (25)
which, when applied to (23), yields
lim
τ→0+
Gk(sˆ, τ, s0) = sˆ
k 1
pi
ρhad(sˆ) for sˆ > t0. (26)
Hence, at least in principle, ρhad(t) can be ex-
tracted directly from GSRs. Realistically, the
τ → 0+ limit cannot be achieved, however, be-
cause, through renormalization-group (RG) im-
provement (see Section V), the renormalization
scale at which αs is evaluated decreases with de-
creasing τ [37]. Nevertheless, it is desirable to
use low values of τ to minimize the smearing of
ρhad(t) by the kernel of the GSRs. To further
emphasize this, we draw upon an analogy intro-
duced in the seminal GSRs paper [37]. Gaussian
sum-rules satisfy the classical heat equation
∂2Gk (sˆ, τ, s0)
∂sˆ2
=
∂Gk (sˆ, τ, s0)
∂τ
, (27)
reinterpreting the parameter sˆ as “position”, the
Gaussian width τ as “time”, and the GSRs
Gk(sˆ, τ, s0) as “temperature”. The smaller
the value of τ (i.e. the less “time” that has
passed), the better we may assess the original
(i.e., τ → 0+) “temperature” distribution (i.e.,
sˆk 1piρ
had(sˆ)).
Compared to LSRs, GSRs permit greater ac-
cess to the structure of ρhad(t). The LSRs
methodology is specifically formulated to accen-
tuate the ground state region of the hadronic
spectral function while suppressing higher ener-
gies. With GSRs, this need not be the case as
sˆ, the position of the Gaussian kernel’s peak, is
a free parameter. By varying sˆ, GSRs can probe
a wide region of the hadronic spectral function
with the same sensitivity as the ground state re-
gion. As such, GSRs are generally preferable
to LSRs when studying distributed resonance
strength models, as demonstrated in the success-
ful analysis of the ρ meson using GSRs methodol-
ogy [38]. Integrating (23) with respect to sˆ gives∫ ∞
−∞
Gk(sˆ, τ, s0) dsˆ =
∫ ∞
t0
tk
1
pi
ρhad(t) dt (28)
from which we recognize the quantity on the left-
hand side as the finite-energy sum-rule of weight
k. As shown in [37], a resonance plus contin-
uum model evolved through the diffusion equa-
tion only reproduces the QCD prediction at large
energy scales if s0 is constrained by (28). To iso-
late the information contained in the GSRs for-
malism that is independent of (28), we consider
normalized Gaussian sum-rules (NGSRs) [38]
Nk (sˆ, τ, s0) =
Gk (sˆ, τ, s0)
Mk,0 (τ, s0)
, (29)
i.e., GSRs scaled by their 0th-order moments
Mk,0(sˆ, τ) where, in general,
Mk,n (τ, s0) =
∫ ∞
−∞
sˆnGk (sˆ, τ, s0) dsˆ. (30)
Combining (23), (28), and (29), we get a NGSRs
analogue of (23),
Nk(sˆ, τ, s0) =
1√
4piτ
∫∞
t0
tke−
(sˆ−t)2
4τ
1
piρ
had(t) dt∫∞
t0
tk 1piρ
had(t) dt
.
(31)
Finally, to emphasize the low-energy region of the
spectral function, we work with the lowest-weight
sum-rules (i.e., k = 0) as in previous applications
of GSRs to the prediction of resonance proper-
ties [38, 39].
8IV. HO¨LDER INEQUALITY
Previous investigations of hadronic systems us-
ing LSRs have employed Ho¨lder inequalities to re-
strict the set of allowed τ and s0 values [51–53].
The Ho¨lder Inequality is expressed generally as
∣∣∣∣∫ t2
t1
f (t) g (t) dµ
∣∣∣∣ ≤(∫ t2
t1
|f (t)|p dµ
) 1
p
×
(∫ t2
t1
|g (t)|q dµ
) 1
q
(32)
under the condition
1
p
+
1
q
= 1 (33)
and where dµ is an arbitrary integration measure.
From positivity of the hadronic spectral function
for diagonal correlators, we can use ImΠQCD(t) >
0 to form an integration measure. Substituting
this integration measure into (32) leads to restric-
tions on the allowed values of sˆ, τ , and s0 in the
GSRs. We consider the inequality (32) with the
assignments
dµ = ImΠQCD(t)dt (34)
f (t) = tα
(
e−
(sˆ−t)2
4τ√
4piτ
)a
(35)
g (t) = tβ
(
e−
(sˆ−t)2
4τ√
4piτ
)b
(36)
t1 = t0, t2 = s0 (37)
a+ b = 1 (38)
where α+ β is a non-negative integer. Defining
τ1 =
τ
ap
and τ2 =
τ
bq
, (39)
the inequality (32) becomes
Gα+β (τ, sˆ, s0) ≤
(τ1
τ
) 1
2p
(τ2
τ
) 1
2q
×G
1
p
αp (τ1, sˆ, s0)G
1
q
βq (τ2, sˆ, s0)
(40)
where we have used Gk (τ, sˆ, s0) > 0, the weakest
constraint on the GSRs that emerges from pos-
itivity of the spectral function. We define ω as
follows:
ω =
1
p
⇐⇒ 1− ω = 1
q
, 0 < ω < 1 (41)
and consider (40) with zero-weight GSRs (i.e.,
α = β = 0),
G0 (τ, sˆ, s0) ≤
(τ1
τ
)ω
2
(τ2
τ
) 1−ω
2
×Gω0 (τ1, sˆ, s0)G1−ω0 (τ2, sˆ, s0) .
(42)
Equations (38), (39), and (41) together imply
that
τ =
τ1τ2
(1− ω)τ1 + ωτ2 (43)
which, when substituted into (42), gives
G0
(
τ1τ2
(1− ω)τ1 + ωτ2 , sˆ, s0
)
≤
(
(1− ω)τ1 + ωτ2
τ2
)ω
2
(
(1− ω)τ1 + ωτ2
τ1
) 1−ω
2
×Gω0 (τ1, sˆ, s0)G1−ω0 (τ2, sˆ, s0) . (44)
9Following [53], we set
τ1 = τ (45)
τ2 = τ + δτ (46)
which implies
0 ≤ G0
(
τ(τ + δτ)
ω(τ + δτ) + (1− ω)τ , sˆ, s0
)
−
(
ω(τ + δτ) + (1− ω)τ
(τ + δτ)
)ω
2
(
ω(τ + δτ) + (1− ω)τ
τ
) 1−ω
2
×Gω0 (τ, sˆ, s0)G1−ω0 (τ + δτ, sˆ, s0) . (47)
We can perform a local analysis of (47) by ex- panding about δτ = 0,
0 ≤
ω(ω − 1)
(
1− 2τ2
(
G
′
0(sˆ, τ, s0)
G0(sˆ, τ, s0)
)2
+ 2τ
(
2
(
G
′
0(sˆ, τ, s0)
G0(sˆ, τ, s0)
)
+ τ
(
G
′′
0 (sˆ, τ, s0)
G0(sˆ, τ, s0)
)))
(δτ)2
4τ2
+O ((δτ)3) , (48)
where primes indicate τ -derivatives. Then, (41) and (48) together imply
H (sˆ, τ, s0) ≡ 1− 2τ2
(
G
′
0(sˆ, τ, s0)
G0(sˆ, τ, s0)
)2
+ 2τ
(
2
(
G
′
0(sˆ, τ, s0)
G0(sˆ, τ, s0)
)
+ τ
(
G
′′
0 (sˆ, τ, s0)
G0(sˆ, τ, s0)
))
≥ 0. (49)
At some (τ, sˆ, s0), if the GSR G0(sˆ, τ, s0) is to
be consistent with a positive hadronic spectral
function, then it must satisfy the inequality (49).
V. ANALYSIS METHODOLOGY AND
RESULTS
Before we can analyze 0+− light quarkonium
hybrids using (31), we need to discuss the QCD
parameters appearing in (10), i.e., the coupling,
the quark mass, and the QCD condensates.
To implement RG improvement we replace αs
and m in (10) by one-loop, MS running quanti-
ties [37]. In our analysis, we use the QCD running
coupling anchored at the τ -lepton mass,
αs(µ) =
αs (Mτ )
1 + αs(Mτ )12pi (33− 2nf ) log
(
µ2
M2τ
) , (50)
where we use PDG [54] values for the τ mass and
αs (Mτ ) = 0.325± 0.015. (51)
For the light quark masses, we use
m(µ) = m(2 GeV)
(
αs(µ)
αs(2 GeV)
) 12
33−2nf
, (52)
where
m(2 GeV) =
1
2
(mu(2 GeV) +md(2 GeV))
= 3.5+0.7−0.3 MeV
(53)
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for nonstrange quarks and
m(2 GeV) = 96+8−4 MeV (54)
for strange quarks [54]. In both (50) and (52), we
set nf = 4.
Renormalization-group arguments identify our
renormalization scale as µ = τ1/4 [37, 38], putting
a lower bound on our choice of τ restricted by
the reliability of perturbation theory. A related
issue associated with τ is reliability of the GSRs
as quantified by the relative contributions of per-
turbative versus non-perturbative effects and the
relative contributions of the resonance versus con-
tinuum. We therefore restrict our analysis to τ ≥
Mτ , approximately equivalent to τ > 10 GeV
4
as discussed in Section V. We also work with an
upper bound τ ≤ 20 GeV4 emerging from the
Ho¨lder inequality constraint (49), as presented in
detail in Section V.
Turning to the condensates, the value of the
RG-invariant quantity 〈mqq〉 is well-known from
PCAC [55]. Using the conventions of [50], we
have
〈mqq〉 =
{
− 12f2pim2pi, for nonstrange q
− 12f2Km2K , for strange q
(55)
where PDG values are used for the meson
masses [54] and the decay constants are [56]
fpi = (92.2±3.5) MeV , fK = (110.0±4.2) MeV.
(56)
We use the following value for the 4d gluon con-
densate [57]:
〈αG2〉 = (0.075± 0.020) GeV. (57)
The nonstrange- and strange-flavored 5d mixed
condensates are estimated by [58, 59] to be
m〈gqσGq〉
〈mqq〉 ≡M
2
0 = (0.8± 0.1) GeV2. (58)
Finally, we note that while the 6d quark and
gluon condensates were included in the correlator
calculation (10), Table II shows that neither con-
tributes to the k = 0 GSRs (24) or NGSRs (29).
As noted in Section III, a SNR analysis of 0+−
light quarkonium hybrids fails within the LSRs
methodology, and so we turn our attention to
models with distributed resonance strength us-
ing GSRs. As confirmation of the consistency be-
tween the LSRs and GSRs methodology, we anal-
ysed the original stabilizing channels in the LSRs
methodology JPC ∈ {0±±, 1±±} [11] and found
excellent agreement between the results for both
mass predictions and continuum onsets. To con-
firm the need for a distributed resonance model
in the case of JPC = 0+−, we consider the quan-
tity [39]
σ20(τ, s0) ≡
M0,2(τ, s0)
M0,0(τ, s0)
−
(
M0,1(τ, s0)
M0,0(τ, s0)
)2
(59)
where the QCD moments, Mk,n(τ, s0), were de-
fined in (30). Combining (23) and (59) gives
σ20(τ, s0) =
∫∞
t0
(t2 + 2τ)ρhad(t) dt∫∞
t0
ρhad(t) dt
−
(∫∞
t0
tρhad(t) dt∫∞
t0
ρhad(t) dt
)2
.
(60)
For a SNR model, substituting (20) into (60)
yields
σ20(τ, s0) = 2τ. (61)
Hence, the quantity σ20(τ, s0) − 2τ provides a
QCD-calculated, model-independent way to as-
sess the suitability of representing a particular
hadronic spectral function as a single narrow
resonance. If σ20(τ, s0) − 2τ ≈ 0, then a sin-
gle narrow resonance model is appropriate. On
the other hand, if σ20(τ, s0) − 2τ 6≈ 0, then the
hadronic spectral function has distributed reso-
nance strength. And so, in Figure 2, we plot
the QCD prediction σ20(τ, s0) − 2τ versus τ for
nonstrange quarks at several values of s0 over
the range 10 GeV2 ≤ s0 ≤ 30 GeV2. Clearly,
σ20(τ, s0) − 2τ 6≈ 0, providing further motivation
to consider models other than the SNR. An analo-
gous analysis for strange quarks leads to the same
conclusion.
If the distributed resonance strength indicated
by Figure 2 is due to a single wide resonance
(SWR), then we can determine a rough lower
bound on the resonance’s width using a rectan-
gular pulse resonance model,
ρhad (t) =
pif
2mHΓ
[
θ
(
t−m2H +mHΓ
)− θ (t−m2H −mHΓ)] , (62)
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FIG. 2: The QCD prediction for the quantity σ20 − 2τ (where σ20 is defined in (59)) for nonstrange
quarks versus τ at several values of the continuum threshold s0.
where f is the resonance’s coupling, Γ is its width,
and mH is its mass. Substituting (62) into (60)
gives
σ20(τ, s0) = 2τ +
1
3
m2HΓ
2 (63)
=⇒ Γ = 1
mH
√
3 (σ20(τ, s0)− 2τ). (64)
From (64), we see that Γ decreases as mH in-
creases. However, to ensure that the resonance
does not merge with the continuum, we require
m2H +mHΓ < s0 (65)
which implies that the largest possible resonance
mass for a particular s0 is given by
mH,max(τ, s0) =
√
s0 −
√
3(σ20(τ, s0)− 2τ)
(66)
where we have used (63). By letting mH →
mH,max in (64), we find that the smallest pos-
sible resonance width for a particular s0 is given
by
Γmin(τ, s0) =
√
3(σ20(τ, s0)− 2τ)
s0 −
√
3(σ20(τ, s0)− 2τ)
. (67)
From Figure 2, we see that σ20(τ, s0)− 2τ shows
almost no τ -dependence; hence, the same can
be said about Γmin(τ, s0). In Figure 3, we plot
Γmin(τ, s0) versus s0 at τ = 10 GeV
4 for non-
strange quarks. An analogous plot for strange
quarks looks nearly identical. At s0 = 10 GeV
2,
we find that Γmin ≈ 1.46 GeV, far larger than
a typical hadron width. As s0 increases, so too
does Γmin. For these reasons, we abandon SWR
models in favour of a multi-resonance model.
FIG. 3: Minimum rectangular pulse resonance
width, Γmin from (67), at τ = 10 GeV
4 for
nonstrange quarks versus the continuum
threshold, s0.
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We consider a double narrow resonance (DNR)
model
ρhad(t) = pi
(
f21 δ
(
t−m21
)
+f22 δ
(
t−m22
) )
, (68)
where f1, f2 and m1, m2 are the resonances’ cou-
plings and masses respectively. Substituting (68)
into (31) gives
N0 (sˆ, τ, s0) =
(
re−
(sˆ−m21)2
4τ + (1− r)e− (sˆ−m
2
2)
2
4τ
)
√
4piτ
(69)
where
r =
f21
f21 + f
2
2
⇐⇒ 1− r = f
2
2
f21 + f
2
2
. (70)
At fixed values of τ and s0, we perform a fit
of (69) over sˆ [60] to find best fit parameters for
r, m1, and m2. In Figure 4, we plot the best fit r
versus s0 at τ = 10 GeV
4 for nonstrange quarks.
Again, an analogous plot for strange quarks looks
nearly identical. From the s0-stability in r ver-
sus s0, we determine an optimized continuum on-
set for both the nonstrange- and strange-flavored
cases as
sopt0 = (14.5± 1.2) GeV2 (71)
where the uncertainties originate from the QCD
input parameters; details of the uncertainty anal-
ysis are discussed below. Then, a fit to (69) at
s0 = 14.5 GeV
2 and τ = 10 GeV4, leads to DNR
model parameters
r = 0.712± 0.005 (72)
m1 = 3.57± 0.15 GeV (73)
m2 = 2.60± 0.14 GeV (74)
in the nonstrange-flavored case and
r = 0.711± 0.005 (75)
m1 = 3.57± 0.13 GeV (76)
m2 = 2.60± 0.14 GeV (77)
in the strange-flavored case. Figure 5 shows neg-
ligible τ dependence in the mass predictions. Fig-
ure 6 shows comparisons between the the NGSRs
and the DNR model (respectively the left- and
right-hand sides of (69)) for parameters (72)-(74)
at τ = 10 GeV4 and τ = 20 GeV4. We note
that the strange and nonstrange 0+− hybrid mass
predictions are degenerate within the uncertain-
ties of our analysis; we find this to be consis-
tent with other recent SR analyses [42, 61]. We
note that the correlator terms that contain the
strange quark mass and condensates are numer-
ically small in our calculation, and do not sig-
nificantly impact the resulting mass prediction.
The relatively small numerical difference between
strange and non-strange 0+− hybrids could sug-
gest a dominance of constituent gluonic effects in
these systems.
FIG. 4: Plot of the best fit r (defined in (70))
to (69) at τ = 10 GeV4 as a function of
continuum threshold, s0.
10 12 14 16 18 20
2.0
2.5
3.0
3.5
4.0
τ [GeV4]
M
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s
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V
2
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m2
FIG. 5: Plot of 0+− light quarkonium hybrid
masses m1(τ, s
opt
0 ) and m2(τ, s
opt
0 ) of the
DNR model (68) at continuum threshold
sopt0 = 14.5 GeV
2.
Utilizing the Ho¨lder Inequality test (49), we
can perform a consistency check on our analysis.
To determine whether (49) is satisfied within the
expected uncertainties of the GSRs, we examine
the inequality at sopt0 = 14.5 GeV
2 for various val-
ues of τ . Because our QCD calculations of Wil-
son coefficients are truncated perturbative series
in αs, in addition to the QCD parameter uncer-
13
FIG. 6: Comparison of the two sides of (69) for nonstrange DNR parameters (72)–(74) and for
τ = 10 GeV4 and τ = 20 GeV4 at sopt0 = 14.5 GeV
2. Solid curves correspond to the left-hand side
of (69); dots correspond to the right-hand side at selected values of sˆ.
tainties, we use the 1−+ channel [62] to provide
an estimated next-order perturbative correction
characteristic of hybrid correlators. We find that
the Ho¨lder inequality constraint (49) is violated
for τ & 20 GeV4, and the inequality test for the
minimum value τ = 10 GeV4 is shown in Fig-
ure 7. Thus, the τ range used in our analysis,
10 GeV4 < τ < 20 GeV4, is consistent with the
Ho¨lder inequality.
To explore the lower bound on τ in more
detail, we consider OPE convergence and res-
onance dominance in the GSR. As in LSRs, a
reliable GSR analysis requires that perturbation
theory dominates power-law corrections and that
the resonance contributions dominate the contin-
uum. The average relative contribution of the
non-perturbative terms is calculated over the re-
gion 10 GeV2 − √2τ < sˆ < 10 GeV2 + √2τ
to encompass the peak in Figure 6. For τ =
10 GeV4, the sˆ-averaged non-perturbative con-
tributions are less than 20% of the total and
are thus safely controlled. As τ decreases, the
relative non-perturbative contribution increases
(e.g., to 25% at τ = 5 GeV4). The relative
contribution of the resonance versus continuum
contribution is much more sensitive to τ . For
τ = 10 GeV4 the sˆ-averaged ratio of resonance to
continuum effects is 50% but for τ = 5 GeV4 the
ratio decreases to 30%. We thus conclude that
the criteria of OPE convergence and resonance
dominance requires τ > 10 GeV4 for a reliable
GSR analysis. The combination of the Ho¨lder in-
equality, OPE convergence, and resonance domi-
nance constrains our GSR window of analysis to
10 GeV4 < τ < 20 GeV4.
0 5 10 15 20
0.0
0.1
0.2
0.3
0.4
0.5
s
 [GeV2]
H
(s
,τ,
s
0
)
FIG. 7: Plot of inequality test (49) for
τ = 10 GeV4 with error bars displayed. Errors
are due to variations in the condensate
parameters, variations in αs, and uncertainties
in sopt0 (71).
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We verify the s0 optimization (71) obtained
from Figure 4 by looking at an independent anal-
ysis developed in [39] based on the properties of
the sˆ peak position (maximum) of the NGSRs.
For the SNR model (20) the sˆ-peak occurs at
sˆ = m2, independent of τ . Thus, an alterna-
tive s0-optimization criterion for the SNR is min-
imizing the τ -dependence of the peak position
sˆpeak (τ, s0) defined implicitly from
∂
∂sˆ
NQCD0 (sˆ, τ, s0)
∣∣∣∣
sˆ=sˆpeak(τ, s0)
= 0. (78)
For the DNR model (68), the peak position ac-
quires τ -dependence modeled by
sˆpeak (τ, s0) = A+
B
τ
+
C
τ2
+
D
τ3
(79)
where the unknown parameters {A,B,C,D} are
constrained by minimizing the χ2
χ2 (A,B,C,D, s0) =
20 GeV4∑
τ=10 GeV4
(
A+ Bτ +
C
τ2 +
D
τ3
sˆpeak (τ, s0)
− 1
)2
. (80)
By minimizing (80) with respect to A, B, C, D,
and s0, we find an optimum continuum threshold
sopt0 = 14.0 GeV
2 in excellent agreement with the
value obtained in (71).
To obtain errors in sopt0 , r, m1, and m2, we
examine how the errors in the QCD parameters
impact the values of these optimized parameters
by varying each independently and examining the
impact on the model parameters. Additionally,
there exists a methodological error in determin-
ing sopt0 as the variance in the QCD parameters
will affect the stability point of r. Contributions
to the error in sopt0 are summarized in Table IV
and contributions to the error in the DNR model
parameters are summarized in Tables V-VII. The
dominant error in sopt0 comes from the variation
in 〈αG2〉; in determining errors in the DNR pa-
rameters, the error in r is driven by the variation
in 〈αG2〉 while the dominant errors in the masses
m1 and m2 arise from variations in s
opt
0 , followed
by 〈αG2〉. Errors in 〈qq〉 and 〈gqσGq〉 contribute
negligibly in the error of all DNR parameters.
Adding the values summarized in Tables IV-VII
in quadrature gives us a conservative error es-
timate summarized in Table VIII; as the driv-
ing errors in each parameter are approximately
equivalent for the upper and lower bounds of the
corresponding QCD parameters, we express our
DNR parameters (71)-(77) with symmetric error,
taking the most conservative bound.
VI. DISCUSSION
We have calculated 5d and 6d QCD conden-
sate contributions to all spin-0 and spin-1 light
quarkonium hybrid correlators with the goal of
obtaining QCD LSRs mass predictions in the
previously-unstable channels of [11]. However,
the 6d gluon and quark condensate contributions
do not have an imaginary part and hence do
not contribute to the LSRs. Also, the 5d mixed
condensate contributions turn out to be small.
We therefore focused on the suggestion of Ref-
erences [11, 13] that a distribution of resonance
strength could be the source of instability, a sce-
nario ideally suited to GSRs methods [37–39].
The 0+− channel was chosen for detailed inves-
tigation because of its phenomenological signifi-
cance in light of the GlueX experiment. Further-
more, a model-independent analysis of the 0+−
hadronic spectral function implies that there is a
distribution of resonance strength in this channel.
In examining the SWR (62) and DNR (68)
models, we found that the DNR model pro-
vided excellent agreement between QCD and phe-
nomenology. (See Figure 6.) The SWR model
was rejected on the basis of an atypically large
resonance width. In the DNR model, we find
degenerate predictions in the case of both non-
strange and strange quark states from the 0+−
current: a 2.60±0.14 GeV state (2.60±0.14 GeV
in the strange case) with 29% relative coupling,
and a state at 3.57± 0.15 GeV (3.57± 0.13 GeV)
with 71% relative coupling. The smaller cou-
pling of the light state suggests the possibility of
15
mixing with a tetraquark because the expected
tetraquark mass range is above 2 GeV [63].
The lighter state is consistent with recent
lattice results that find a predominantly non-
strange state around 2.4 GeV and a predomi-
nantly strange state around 2.5 GeV in the 0+−
channel with mpi = 391 MeV [25]. Our lighter-
state mass determination is somewhat larger than
the 2.1–2.5 GeV range of central values in [13].
The literature does not provide a clear interpre-
tation of the heavier 0+− state; however lattice
studies [25] of the lightest hybrid meson super-
multiplet suggest that the 0+− state exists as part
of an excited hybrid supermultiplet with radially-
excited qq pair (i.e., quark total angular momen-
tum Lqq = 1). We suggest that this heavier sec-
ond state arising in the GSRs is a manifestation
of an excited hybrid state.
In conclusion, we investigated light quarko-
nium, exotic (JPC = 0+−) hybrid mesons with
SWR and DNR models using a GSRs analysis.
We disfavoured the SWR model as the predicted
resonance width was too large. The double-
narrow resonance model yielded two 0+− hybrid
states: (2.60± 0.14) GeV and (3.57± 0.15) GeV
((2.60± 0.14) GeV and (3.57± 0.13) GeV in the
strange case). Additionally, we explored using
the Ho¨lder inequality derived for the GSRs as a
consistency check on our analysis.
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TABLE IV: Contributions to sopt0 error at τ = 10 GeV
4 due to variations in QCD parameter error.
Columns ±δ indicate variations in DNR parameters at the upper (+δ) and lower (−δ) bounds of the
corresponding QCD parameters.
Error Source
Nonstrange Strange
+δ −δ +δ −δ
〈mqq〉 5.62× 10−3 −6.74× 10−4 9.38× 10−3 3.09× 10−3
〈αG2〉 −9.20× 10−1 1.18× 100 −9.16× 10−1 1.18× 100
〈gqσGq〉 1.11× 10−4 1.00× 10−3 3.66× 10−3 4.77× 10−3
αs 1.70× 10−1 −1.86× 10−1 1.74× 10−1 −1.82× 10−1
TABLE V: Contributions to r error at τ = 10 GeV4 due to variations in QCD parameter error. Columns
±δ indicate variations in DNR parameters at the upper (+δ) and lower (−δ) bounds of the
corresponding QCD parameters.
Error Source
Nonstrange Strange
+δ −δ +δ −δ
〈mqq〉 −2.86× 10−6 2.76× 10−6 −2.58× 10−6 3.04× 10−6
〈αG2〉 4.79× 10−3 −4.66× 10−3 4.79−3 −4.66× 10−3
〈gqσGq〉 1.43× 10−6 −1.34× 10−6 1.70× 10−6 −1.06× 10−6
αs −7.93× 10−4 8.73× 10−4 −7.93× 10−4 8.73× 10−4
sopt0 5.09× 10−4 3.53× 10−4 3.57× 10−4 4.81× 10−4
TABLE VI: Contributions to m1 error at τ = 10 GeV
4 due to variations in QCD parameter error.
Columns ±δ indicate variations in DNR parameters at the upper (+δ) and lower (−δ) bounds of the
corresponding QCD parameters.
Error Source
Nonstrange Strange
+δ −δ +δ −δ
〈mqq〉 −6.84× 10−6 6.58× 10−6 −7.06× 10−6 6.35× 10−6
〈αG2〉 5.79× 10−3 −7.02× 10−3 5.79× 10−3 −7.02× 10−3
〈gqσGq〉 −3.07× 10−6 3.01× 10−6 −3.29× 10−6 2.79× 10−6
αs −1.06× 10−3 1.13× 10−3 −1.06× 10−3 1.13× 10−3
sopt0 1.48× 10−1 −1.21× 10−1 1.49× 10−1 −1.20× 10−1
TABLE VII: Contributions to m2 error at τ = 10 GeV
4 due to variations in QCD parameter error.
Columns ±δ indicate variations in DNR parameters at the upper (+δ) and lower (−δ) bounds of the
corresponding QCD parameters.
Error Source
Nonstrange Strange
+δ −δ +δ −δ
〈mqq〉 −3.72× 10−5 3.58× 10−5 −3.79× 10−5 3.51× 10−5
〈αG2〉 2.81× 10−2 −3.64× 10−2 2.81× 10−2 −3.64× 10−2
〈gqσGq〉 −2.01× 10−5 1.99× 10−5 −2.08× 10−5 1.93× 10−5
αs −5.36× 10−3 5.63× 10−3 −5.36× 10−3 5.63× 10−3
sopt0 1.40× 10−1 −1.12× 10−1 1.40× 10−1 −1.11× 10−1
17
TABLE VIII: Calculated total errors in sopt0 , r, m1, m2 from contributions in Tables IV - VII.
Parameter
Value
Nonstrange Strange
sopt0 14.5
+1.2
−0.9 14.5
+1.2
−0.9
r 0.712± 0.005 0.711± 0.005
m1 3.57
+0.15
−0.12 3.57
+0.13
−0.12
m2 2.60
+0.14
−0.12 2.60
+0.14
−0.12
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